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Abstract. We adapt some of the methods of quantum TeichmuUer 
theory to construct a family of representations of the pure braid 
group of the sphere. 



This article presents a variation of the constructions of [21 [3] on the 
finite-dimensional representation theory of the quantum Teichmiiller 
space. 

In these two earlier articles, the author and his collaborators consid- 
ered the quantum Teichmiiller space of a connected oriented surface 
S with negative Euler characteristic, following V. Fock, L. Chekhov 
[3 El S] and R. Kashaev [12] . This is designed as a non-commutative 
deformation of the algebra of rational functions on the classical Te- 
ichmiiller space of S, depending on a parameter q E C*. It is a purely 
algebraic object, defined in terms of the combinatorics of the Harer- 
Penner complex of the ideal cell decompositions of S. 

Finite-dimensional representations of the quantum Teichmiiller space 
exist only when g is a root of unity, and more precisely if only if a power 
of —q is equal to —1. Whether one considers irreducible representations 
as in |3], or local representations as in [2j, the main results have the 
same flavor. If — g is a primitive A^-root of —1, a representation of the 
quantum Teichmiiller space is classified up to isomorphism by: 

(1) a group homomorphism r from the fundamental group tti{S) to 
the group Isom'*"(H^) of orientation-preserving isometrics of the 
hyperbolic space M.^; 

(2) the choice, for each peripheral subgroup vr of vri(S'), of a point 
of the sphere at infinity SooEI^ which is fixed by r(7r); 

(3) the choice of A^-roots for finitely many complex numbers asso- 
ciated to r and to the fixed point data. 
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Not every such data is realized by a representation of the quantum 
Teichmiiller space. One needs the group homomorphism and the fixed 
point data to be peripherally generic, in the sense that every ideal trian- 
gulation can be realized as the pleating locus of an r-invariant pleated 
surface in H^, whose faces are ideal triangles with vertices among the 
peripheral fixed points; see [U [2] for details. Such a condition is au- 
tomatically realized if r is injective, which holds in many cases of geo- 
metric interest. 

As an application, if G is a subgroup of the mapping class group 
7roDiff(S') which fixes data as in (1-3) above, then G fixes a represen- 
tation of the quantum Teichmiiller space up to isomorphism, and the 
corresponding intertwining isomorphisms provide a projective represen- 
tation of G. This principle is exploited in [3^, '2] for the case where G is 
cyclic generated by a pseudo-Anosov isomorphism. From a conceptual 
point of view, it is probably best understood in terms of the Kashaev 
bundle constructed in |2l §8]. See also |T1] for explicit computations. 

The current paper aims at obtaining a similar representation when G 
is a much larger subgroup of the whole mapping class group ttq DiS{S). 
For this, we need a homomorphism r: 7ri(S') —>■ Isom^(EI^) which is 
invariant under G. The trivial homomorphism is an obvious candidate. 
Then the fixed point data as in (2) above just consists of the choice 
of one point of the sphere at infinity doo^^ for each puncture of S. 
Respecting this fixed point data will require the elements of G to fix 
each puncture of S. 

A much more serious problem is that the trivial homomorphism is 
very far from being peripherally generic. We consequently need to 
adapt the definition of the quantum Teichmiiller space, and restrict 
attention to ideal triangulations that are realized by the trivial ho- 
momorphism. If the fixed points associated to the punctures are all 
distinct, this just means that each edge of the triangulation joins two 
distinct punctures, which is no serious constraint as soon as there is 
more than one puncture. However, one then encounters a new techni- 
cal problem. We need to know that any two such ideal triangulations 
can be joined by a sequence of diagonal exchanges, involving only ideal 
triangulations with the same property. This result may be true in its 
full generality, but we chose to use a "cheap trick" by further restricting 
the type of ideal triangulations considered. We limit the analysis to the 
case where S" is a punctured sphere, and consider the Rivin complex, 
formed by all cell decompositions of S that can be realized by a convex 
polyhedron in inscribed in the sphere. This complex is realized by 
a cell decomposition of the Teichmiiller space of S and, in particular, 
its 1-skeleton is connected, which is exactly the property we need. 
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We can now describe the output of this construction. Let S be 
obtained by removing r ^ 3 points from the sphere C M^, so that 
the mapping class group 7roDiff(S') is also the braid group BriS"^) of 
the sphere. Let Pr-(S^) be the pure braid group, consisting of those 
mapping classes that fix each puncture. 

Choose a root of unity g G C for which —q is a primitive A^-root of 
— 1, as well as an A^-root of unity pj for each puncture. 

We then associate to this data a projective representation of di- 
mension A^''"^ — 1 for the pure braid group Pr(S^), namely a group 
homomorphism 

R: P,(§2) ^ Aut (^CP^^"'-i) 

valued in the group of linear automorphisms of the projective space 
CP^ -i_ This representation depends on the conformal structure 
of S, namely on the specific points vi, V2, ■ ■ ■ , Vr G such that 

In the case of the 4-times punctured sphere, the formulas of 
provide an easy way to explicitly compute this homomorphism. The 
computations in the general case are somewhat more elaborated. 

At this point, it is unlikely that much geometric or algebraic insight 
can be gained from the representations R. It was developed as a "toy 
model" for the Volume Conjecture of [HI [15], which was of great in- 
terest to Xiao-Song Lin towards the end of his life (see [6] , and several 
unpublished contributions). Many features of our construction are very 
reminiscent of the challenges that one encounters with this conjecture. 
In particular, it would be interesting to let A^ tend to oo, and determine 
what happens to the trace functions associated to the corresponding 
representations R. 

We are very grateful to the referee for a careful reading of the original 
version of this article. 

1. The Chekhov-Fock algebra of an ideal triangulation 

Let S denote the r-times punctured sphere, considered as an abstract 
topological surface. 

An ideal cell decomposition of is a family A of disjoint arcs properly 
embedded in 5* (namely going from puncture to puncture) such that 
each component of the complement — A is homeomorphic to an open 
disk, and is adjacent to at least three sides of arcs of A. Equivalently, 
splitting S open along A provides a finite family of polygons with their 
vertices removed (namely ideal polygons), none of which is a monogon 
or a digon; these ideal polygons are the faces of A. The components of 
the ideal cell decomposition are also called its edges. 
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We will identify two ideal cell decompositions of S when they differ 
only by an isotopy of 5*. 

An ideal triangulation of S is an ideal cell decomposition whose faces 
are all ideal triangles. An Euler characteristic computation shows that 
an ideal triangulation has n = 3r — 6 sides. 

Fix a non-zero complex number q = e'^^^ G C*. 

The Chekhov-Fock algebra of an ideal triangulation A is the algebra 
7^ over C defined by generators X^^, ^2^, . . . , X^^ associated to the 
edges Ai, A2, . . . , A„ of A, and by relations XiXj = q'^'^^^XjXi where the 
integers aij G {0,±1,±2} are defined as follows: if aij is the number 
of angular sectors delimited by Aj and Xj in the faces of A, and with A, 
coming first counterclockwise, then aij = aij — aji. 

In practice, the elements of the Chekhov-Fock algebra 1^ are Laurent 
polynomials in the variables Xi, and are manipulated in the usual way 
except that their multiplication uses the skew-commutativity relations 
X,X, = q^^'^X.X,. 

Given two ideal triangulations A and A' of S, one would like to iden- 
tify the Chekhov-Fock algebras 71 and T^,. This is not quite possible 
as stated, and one needs to consider the fraction algebras 7^ and 7^, 
of 0^ and T^,. These fraction algebras exist because the Chekhov-Fock 
algebras satisfy the so-called Ore Condition; see [5j. In practice, the 
elements of the fraction algebra are rational fractions in the variables 
Xi, and are manipulated by making use of the skew-commutativity 
relations XiXj = q'^^'^XjXi. 

Theorem 1 (Chekhov-Fock [ZllHlll]; see also [I3]). As A and X' range 
over all ideal triangulations of S, there exists a family of algebra iso- 
morphisms 

^AA" -^A' ^ -^A 

such that ^xx" ~ ^xx' ° "^a'a" f^''" ^^^''^U ideal triangulations X, X! , A". 

The isomorphisms (^^^i called coordinate change isomorphisms 
for the quantum Teichmiiller space of S. Indeed, this quantum Te- 
ichmiiller space is the algebra defined by gluing together all the Chekhov- 
Fock fraction algebras 7\ by the ^\x'- This turns the 7\ into charts 
for the quantum Teichmiiller space, while the isomorphisms ^\x' P^^Y 
the role of coordinate changes. 

A relatively surprising fact is that these coordinate change isomor- 
phisms essentially determined by the property of Theorem [1] 
and by an additional relatively mild condition [1]. 
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2. Representations of the Chekhov-Fock algebra 

Consider a finite-dimensional representation of tlie Cliekliov-Fock 
algebra 7\, namely an algebra homomorphism p: ^ End(y) valued 
in the algebra of linear endomorphisms of a finite-dimensional vector 
space V. Elementary considerations on the relation XY = q^YX show 
that these can exist only when is a root of unity. 

We will consequently assume that q^ is a primitive A^-root of unity 
for some integer N ^ 1. In particular, q^ = ±1. Important parts of 
the representation theory work much better when = (—1)^"'"^, and 
we will therefore assume that this property holds henceforth. 

Since = 1, the relations XiXj = q'^^'^XjX, show that each Xf 
is central in T^. 

The center of 1^ contains a few less obvious elements. If Aj^, Ajj, . . . , 
Ajj. are the edges of A that lead to the j-th puncture of S, the element 

is also central (see [31 §3]). The g-coefficient, known in the physics 
literature as the Weyl quantum ordering, is here introduced to simplify 
further computations. In particular, Pj is independent of the ordering 
oftheX„andP,^ = Xi)^X^...X^. 

Similarly, there is a global central element 

H = q-^^<^''-^XiX2...Xn, 

such that = P1P2 . . . Pr. 

We now restrict attentions to irreducible representations, which leave 
no proper subspace W G V invariant. Then, p must send each central 
element to a scalar multiple of the identity Idy- In particular, for the 
above central elements, there exists scalars Xi, X2, . . . , Xn, Pi, P2, ■ ■ - Pr, 
h eC* such that p{X^) = xjdy, p{Pj) = pj Idy and p{H) = hldy. 

Note that, if Pj = q~^^<^'^^-^'-^ Xi-^Xi^ . . . Xi^, p^ = Xi^Xi^ ■ ■ - Xi^ since 
= X^^Xf^ . . . X^. Similarly, /i^ = p^p2 . . . p,. 

Theorem 2 ([31 Theorems 20, 21 and 22]). Let the surface S he 
a sphere minus r ^ 3 punctures, and let q he a primitive N-root 
of (—1)^+^. Then, up to isomorphism, an irreducible representation 
p: 7^ — s> End(V") of the Chekhov-Fock algebra of 7\ of the ideal trian- 
gulation A has dimension N^~'^ and is classified by the data of: 

(1) for the i-th edge Aj of X, the number Xi G C* such that p{Xf^) = 
Xi Idy; 

(2) for the j-th puncture of S adjacent to the edges Aj^, Xi^, . . . , 
Ajj. of X, the N-root Pj G C* of Xi^Xi^ ■ ■ - Xif, such that p{Pj) = 
Pj Idy; 
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(3) the square root h E C* ofpip2 . . .pr such that p{H) = hldy- □ 

We will refer to the numbers Xi, pj and h as, respectively, the edge 
weights, puncture weights and global charge classifying the representa- 
tion p. There is a similar result for surfaces of positive genus, but one 
then needs additional invariants when is even. 

Suppose that we are given two ideal triangulations A and A', and a 
representation p: — End(V^). We would like to define a represen- 
tation p o ^l^y: T^, End{V). Unfortunately, the coordinate change 
isomorphism is valued in the fraction algebra If, and dimension 

considerations easily show that p cannot have any extension to T^. This 
obliges to use an ad hoc definition. 

We will say that p o : T^, —>■ End{V) makes sense if, for every 

X' G T^/, its image G 7^ can be written as 

<!>l,,iX') = PQ-' = iQr'P' 

for some P, Q, P', Q' E 71 such that p{Q) and p{Q') are invertible in 
End(V^). When this condition holds, we define po Ty End(y) 
by the property that p o = p{P) o p{Q)^^. One easily checks 

that this is independent of the decomposition = PQ^^ = 

{Q')~^P' as above, and that the map po<|>^^, : T^, — > End(y) so defined 
is an algebra homomorphism. 




Figure 1. A diagonal exchange 

In general, given a representation p : — End(y) and another 
ideal triangulation A', it is not easy to decide when the representation 
p o : 7\, — i> End(l^) makes sense. This is relatively simple when A 
and A' differ only by one edge, as in Figure [H We then say that A and 
A' differ by a diagonal exchange. The diagonal exchange is embedded 
when the four sides of the square where the diagonal exchange takes 
place are distinct, namely when there are no outside gluings between 
these sides. 

Proposition 3 ([3l Lemmas 27 and 29]). Let the ideal triangulations A 
and X' differ by an embedded diagonal exchange as in FigureUl with the 
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edge indexing shown there. Suppose that the irreducible representation 
p : —>■ End(y) is classified by the edge weights Xi, the puncture 
weights Pj and the global charge h. If Xi ^ —1, then the representation 
p o : T^, — i> End(V^) is well-defined, and is classified by the same 
punctured weights pj , the same global charge h, and by the edge weights 
x'i defined by 



x[ 




X2 


= (1 + Xi)x2 




= {l+Xi^y^X3 


x^ 


= (1 + Xi)Xi 


x^ 


= (1 +xr')-'a;5 




= Xi if i 1, 2, 3, 4, 5 



This is a relatively simple consequence of the formula for the coor- 
dinate change isomorphism for a diagonal exchange. With signif- 
icantly more work to control the invertibility of the images of denomi- 
nators, it can be extended to the case where A and A' can be connected 
by a sequence of diagonal exchanges. 

Proposition 4 ([3], Lemmas 25 and 26]). Consider a sequence of ideal 
triangulations X^^\ X^^\ A*-*^-*, where each X^^^^^ is obtained from 
A*^*^ by a diagonal exchange. Suppose in addition that we are given 
irreducible representations pxa) ■ 'Jx(i) — * End(y) such that Px^i+i) = 



3. Geometric data 

From now on, we will identify 5* with the complement C— , 1)2, ... , f r} 
of r distinct points f 1, ^2, . . .Vr in the Riemann sphere C = C U {00}. 
Namely, we choose a conformal structure on S. 

An ideal triangulation A is simple if every edge of A joins two distinct 
punctures of S. 

The conformal structure of 5" then defines a system on complex edge 
weights on A defined as follows. Choose an arbitrary orientation for the 
edge Aj, so that it goes from the puncture f_ to the puncture v+ G C. 
Let Tieft and Tnght be the two faces of A containing Aj and respectively 
located to the left and to the right of Xi for the orientation specified, 
and let fieft and fright be the vertices of these two triangles that are 
different from f_ and Vj^. See Figure [H Then, the weight Xj G C* is 
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defined as the cross-ratio 

^ ^ iv+ - ^lcft)(^'- - bright) 
{V+ - Vnght){V- - VMt)' 

In the case of a diagonal exchange, an elementary computation pro- 
vides: 

Lemma 5. Let the simple ideal triangulations A and X' differ by an 
embedded diagonal exchange as in Figure Ui with the edge indexing 
shown there. Then the above edge weights satisfy: 



1 

X -y 


= xrV-i 


X2 


= (1 + Xi)x2 




= (i + xr^)-ix3 


x^ 


= (1 + Xi)x4 


X5 


= (i + xr')-ix5. 


Xj 


= Xi ifi^ 1,2,3,4,5 



Note the similarity with the formulas of Proposition [31 
In the same way, around a puncture: 

Lemma 6. If ■ ■ ■ , Aj^, are the edges adjacent to the j-th punc- 

ture of S, then the above cross-ratios are such that 

We can use these edge weights x, to construct representations of the 
Chekhov-Fock algebras attached to simple ideal triangulations of the 
punctured sphere S = C — {vi, V2, ■ ■ ■ ,Vr}- 

For each puncture Vi, choose an A^-root of unity pj = q^^K Then 
choose a square root h = ^p\P2 ■ ■ - Pr- If A is a simple ideal trian- 
gulation of S, Theorem [2] and Lemma [6] then provide an irreducible 
representation p : — >• End(y), associated to the cross-ratio edge 
weights Xi, the A^-roots pj and the square root h. 

If we combine Proposition [HI Proposition [4] and Lemma [SI we then 
obtain: 

Lemma 7. Let p:7\ End(y) and p': 7^, End(l^') be irreducible 
representations associated to the simple ideal triangulations A and A' as 
above. Suppose that A and A' can be connected by a sequence of simple 
ideal triangulations \^^\ \'^^\ \^^\ where each A*^*^"^-* is obtained 
from A^*-* by an embedded diagonal exchange. Then the representation 
po <|>^^, makes sense, and is isomorphic to p' . □ 
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4. RiVIN TRIANGULATIONS 

In order to apply Lemma U\ we will restrict the type of ideal trian- 
gulations that we consider. 

An example of an ideal cell decomposition is provided by a convex 
polyhedron C with r vertices in M^. If we choose a homeomorphism 
between S and the complement of the vertices in the boundary dC, 
the pre-images of the edges of C form an ideal cell decomposition of 
S. A famous theorem of Steinitz (see for instance [lU]) asserts that an 
ideal cell decomposition is obtained in this way if and only if each edge 
of A joins different punctures, if no two distinct edges join the same 
punctures, and if there is no curve in S which cuts A in exactly two 
points contained in different edges. 

An ideal cell decomposition A of S* satisfies the Rivin Condition, or 
is a Rivin cell decomposition, if it comes from a convex polyhedron C 
which, in addition, is inscribed in the sphere More precisely, A 
satisfies the Rivin condition if there exists Vi, V2, ■ ■ ■ , € and a 
homeomorphism between S and dC — {vi,V2, . . .v^}, where C is the 
convex hull of {f 1, . . . f^} in R^, for which A corresponds to the edges 
of the polyhedron C. We will allow the case where the points Vi, V2, 
. . . , Vr are coplanar, in which case the convex hull C is a flat polygon, 
and A consists of a chain of r edges subdividing 5* into two ideal r-gons. 

From our point of view, a fundamental property of Rivin cell decom- 
positions is that they are simple, in the sense that each edge joins two 
distinct punctures of S. 

Igor Rivin [THl [13, [ISl [IS] (see also [9J) showed that the Rivin con- 
dition is equivalent to the existence of a system of real weights on the 
edges of A satisfying a certain number of linear equalities and inequal- 
ities. In particular, for a given ideal cell decomposition, the validity 
of this property can be decided by a linear programming algorithm. 
The simplest example of an ideal triangulation that does not satisfies 
the Rivin Condition is provided by the convex polyhedron obtained by 
gluing a triangular pyramid with low height on each of the faces of 
a tetrahedron. The corresponding ideal triangulation of the 6-times 
punctured sphere is by construction realized by a convex polyhedron, 
but can be shown to be irrealizable by a convex polyhedron inscribed 
in the sphere. 

Lemma 8. If r ^ 5, any two Rivin triangulations \, A' of the r-times 
punctured sphere can he connected by a sequence of Rivin triangulations 
A = A^^-*, A'^"'^^ . . . , A*^'^ = A', where any X^^^ is obtained from X^^^^^ by 
an embedded diagonal exchange. 
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Proof. Consider the (cusped) Teichmiiller space 7{S). An element of 
7{S) consists of a homeomorphism /: 5' — > — {vi , ^2 , . . . , I'r } between 
S and the complement of r points in the unit sphere §'^, considered up 
to precomposition by an isotopy of 5* and up to postcomposition by a 
conformation transformation of S^. 

If [/] G 7{S) is represented by the homeomorphism / : 5" — > — 
{vi,V2, ■ ■ ■ , Vr}, we can consider the convex hull C of the points vi, V2, 
. . . , Vr in M^. The closest point projection can be perturbed to a home- 
omorphism — > dC, well-defined up to isotopy fixing {vi,V2, ■ ■ ■ , Vr}- 
For this identification, the edges and faces of C provide an ideal cell 
decomposition of §^ — {vi, V2, ■ ■ ■ , Vr}, which can be pulled back to an 
ideal cell decomposition A[/] of 5* by the homeomorphism /. 

As before, when the r points vi, V2, ■ ■ ■ , Vr are coplanar, A[/] consists 
of r edges dividing S into two ideal r-gons. 

Every conformal transformation of has a unique extension to a 
projective transformation of the ball bounded by as in the pro- 
jective model for the hyperbolic 3-space. Since this projective exten- 
sion sends convex hull to convex hull, it follows that the ideal cell 
decomposition A[/] of S depends only on the class [/] G 7{S), up to 
isotopy. 

Let A and A' be two Rivin triangulations. By definition, there exists 
[/], [/'] G 7{S) such that A[/] = A and A/'j = A'. Since the Teichmiiller 
space 7{S) is connected, we can join these two elements by a path 
t I— > [ft] E 7{S), ^ t ^ 1, where the homeomorphism /j: 5 — > — 
{vf\v^\ v^^^} representing [ft] is such that fo = f and /i = /'. By 
general position, we can arrange that the map t i— >■ (vf \ ^2*^ . . . , vi^'') G 
(S^)*" is transverse to the codimension 1 stratum where exactly four of 
these vertices vf^ are coplanar. 

Outside of the values of t where four vertices become coplanar in this 
way, the ideal cell decomposition A[/(] is an ideal triangulation, and is 
independent of t under small perturbation. 

As one crosses this codimension 1 stratum at t = Iq, four vertices 
become coplanar, but the convex hull of the vf ^ remain 3-dimensional 
by our hypothesis that r ^ 5. If the four coplanar vertices are not 
contained in the same face of A[/j^], the ideal triangulation A[/^] remains 
unchanged as t crosses to. Otherwise, A[/j] changes by an embedded 
diagonal exchange in the square face containing these vertices. □ 

When r = 4, any Rivin triangulation is combinatorially equivalent 
to a tetrahedron, with three edges arriving at each puncture. In this 
case, the convex hull becomes flat as one crosses the codimension 1 
sratum. The same proof then shows that any two Rivin triangulations 
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of the 4-times punctured sphere can be joined by a sequence of double 
diagonal exchanges illustrated in Figured 




Figure 2. A double diagonal exchange 



Note that in a double diagonal exchange, the intermediate ideal tri- 
angulation is not a Rivin triangulation, but is nevertheless simple. 
Therefore: 

Lemma 9. Any two Rivin triangulations of the A-puncture sphere can 
be joined to each other by a sequence of embedded diagonal exchanges 
involving only simple ideal triangulations. □ 

Note that the case where r = 3 is particularly trivial, since in this 
case S admits only one Rivin triangulation, decomposing S into two 
triangles. 

5. Constructing a representation of Fr(S^) 

We can now put everything together. We fix a conformal structure 
on the punctured sphere S, namely an identification between S and 
the complement C — {vi, V2, ■ ■ ■ , Vr} of r points in the Riemann sphere 
C. 

After this geometric data, let us choose some algebraic (or number- 
theoretic) data. We take a root of unity q such that —q is a primitive 
A^-root of (—1). Choose an A^-root of unity pj = q^"'^ for each puncture 
of S", and a square root h = ^p\P2 ■ ■ - Pr- 

Now, pick a Rivin triangulation A of S. The points Vi associate a 
cross-ratio weight Xi e C* to each edge of A. As in ^ the edge weights 
Xi, the A-roots pj and the square root h define, up to isomorphism, 
an irreducible representation p^: ^ End{V) of the Chekhov-Fock 
algebra of A. 

Consider a diffeomorphism ip: S —>■ S, and the ideal triangulation 
ip{X). Combining Lemmas [71 [8] and [9|, the representation p o ^x^(^x) '■ 
7^(^x) ~^ End(y) makes sense. By Proposition [3] and Lemma O this 
representation p o ^\^p(^x) classified by the cross-ratio edge weights 

associated to the edges of (/?(A) by the points fi, . . .v^ G C, plus 
the same puncture weights pj and the same global charge h as p. 
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There is also a simpler way to obtain a representation of 'J^(a) from 
p. Indeed, (p provides a natural isomorphism T'^^X) ~^ '^hich 
sends the generator associated to an edge of '~p{\) to the generator 
associated to the corresponding edge of A. The representation po 
7^(^x) ~^ End(y) is classified by assigning to each edge of (f{X) the 
cross-ratio weight of the corresponding edge of A, by assigning to each 
puncture the puncture weight pj associated by p to the preimage of 
this puncture under ip, and by the same global charge h as p. 

Now, suppose in addition that 99 fixes every puncture of S. Then each 
edge of A has the same cross-ratio weight as its image under (f, since 
the corresponding cross-ratios involve the same points. Also, P°^'l^(^x) 
and po Ix^^ then assign the same weight pj to each puncture, and have 
the same global charge h. It follows that the representations p o ^l^^i^^) 
and p o Ix^^ are isomorphic. 

This means that there is an isomorphism L^^: V ^ V such that 

for every X G T^^^^y 

It may be more convenient to rewrite this property with the following 
definition. If L : W W is a linear isomorphism between vector 
spaces, its adjoint homomorphism Ad^: End(M^) End(iy) is defined 
by the property that K(1l{A) = Lo Ao L~^. Then the above property 
can be rewritten as 

The isomorphism is not unique since multiplying it by a constant 
does not change the adjoint homomorphism Ad^^. However, because 
the representation p o Ix^^ is irreducible, this is the only ambiguity and 
is unique up to rescaling. In particular, the projective isomorphism 
PL(^: P(y) — > P(y) of the projective space of V is uniquely determined. 

Recall from Theorem [2] that the dimension of V is equal to N'^~^. 
We can consequently identity F{V) to the complex projective space 

Theorem 10. The map 

R: P,(§2) ^ Aut(CP^'""'-^) 

which associates FL^ to [(f] G P*„(S^), is a group homomorphism. Up 

to conjugation by an element o/Aut(CP^ "^), it is independent of 
the choices of the ideal triangulation A and of the representation p. 
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Proof. We first prove the independence up to conjugation. Let us as- 
sume that we start with another Rivin triangulation A' and a repre- 
sentation p': T^, — > End(V) classified by the cross-ratio edge weights 
associated to the edges of A', the puncture weights pj and the global 
charge h. Then, Lemmas El [8], [9] and Proposition [3] show that p o 
makes sense and is isomorphic to p' by an isomorphism Lxy : V ^ V. 
Namely, 

P°*AA'=AdL,„op'. 

As a consequence, 

P' ° *A'A = Adi^\, o p = Ad^-i^ o p. 

We will use the critical property that the coordinate change iso- 
morphisms ^1^^, are natural with respect to the action of the diffeo- 
morphism group of S. This means that, for every diffeomorphism 

^P: S ^S, 

(A)v>(A') = ^x.i. ° *'aa' ° h',^ 

where /a,^: T^(a) ~^ ly^^: 'J^(a') ^ the canonical isomor- 

phisms induced by ifj. This property is an immediate consequence of the 
construction of the coordinate change isomorphisms in [§1 HI [13] . 

If we replace p: — End(V") by p' '■ T^i — > End(V) in the above 
construction, L^p-. V ^ V gets replaced by an isomorphism L'^: V ^ 
V such that Adi,/^ o p' o I^i^^ = p' o ^^i^^^^iy Then, 

Adi^ op' = p' o o I^^^^ 

= Ad^- °P°'^MA)°A:i°'^L' 

= Ad^-i^ o Ml, o p o 

= Ad^-i, oAdL,oAdL,„op' 

= Adr-l o p' . 

By irreducibility of p', we conclude that L'^ is equal to L^yoL^oLxy up 

to multiplication by a constant, so that PL'^ = {FLxy)~^ oFL^oFLxy- 
Since this holds for every 99, we see that replacing A and p by A' and 

p' in the construction only changes the map R: Pr(S^) Aut(P(V)) 

by conjugation by fLxy- 

Having proved this, we now consider the composition of two diffeo- 

morphisms (f and i/j : S ^ S, each fixing the punctures of 5". We 

will first apply the above computation to the case where A' = </?(A), 
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p' = po Ix^^p and Lp is replaced with if). By definition of L^, 

P ° ^Iw = AdL^ o p', 
so that we can take L\\i = in the above argument, which gives that 

Then, 

P°*lvov.(A)=P°*AA'°'^W) 
= Adi.°P'°*W) 

= Adi^ o Ad^-1,^^,^^ o p' o /^,,^ 

= Adi^oL^ O P O -^A,<p ° -^¥'(A),V 
= Adi^oL^ O P O -^A,V-o<p 

This shows that L^oip is equal to o up to scalar multiplica- 
tion. Therefore, fL^oip — o FL^, which proves that i? is a group 
homomorphism. □ 
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